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[1,5] SIGMATROPIC HYDROGEN SHIFT REACTION
[1,5] sigmatropic hydrogen shift reaction is a molecular rearang-
ment that involves both the creation of a new σ-bond between 
hydrogen atom and the vinyl carbon and the breaking of an existing 
π-bond between hydrogen and methyl carbon atom accompanied by 
a concurrent relocation of π-bonds (see Figure 1).
fig. 1 – The [1,5] sigmatropic hydrogen shift reaction in (3Z)-penta-
1,3-diene. The reactant and product are identical for the isotopically 
unsubstituted compound but they can differ when some hydrogens are 
substituted by deuteriums.
Th e barrier to this reaction is high so the experimental measure-
ments are usually performed at temperatures around 160-200°C. 
Th e reaction attracts attention of both experimental and theoretical 
chemists for reason that the quantum tunneling supposedly contrib-
utes signiﬁcantly to the reaction rate. Th erefore, simple compounds 
capable of [1,5] hydrogen shift can serve as models to understand 
phenomena important, for example, in much more complex biologi-
cal systems.
One approach to answer the question whether the tunneling is 
signiﬁcant in the reaction is to study the kinetic isotope eﬀ ect (KIE). 
Th e primary H/D KIE describes how the reaction rate changes when 
the hydrogen atom being transferred is substituted by deuterium. 
A high value of the KIE then means that the quantum tunneling 
can be an important pathway in the reaction. Usually, not only the 
hydrogen being transferred but all hydrogens bonded to the same 
carbon atom are replaced by deuteriums. If a molecule studied is 
symmetric with respect to the [1,5] hydrogen shift (as (3Z)-penta-
1,3-diene shown in Figure 1), the reaction products diﬀ er only in 
positions of deuteriums. Th eir equilibrium ratio is the special case 
of the equilibrium (thermodynamic) isotope eﬀ ect (EIE).
Recently, two subsequent measurements of the KIE of [1,5] 
sigmatropic hydrogen shift were published [1, 2]. For both meas-
Th e path integral methodology for 
computation of the equilibrium isotope 
eﬀ ect is described and applied to
three [1,5] sigmatropic hydrogen shift 
reactions. An efﬁcient estimator for the
derivative of the free energy is used, 
which shortens the computation time
by the factor of about 60. Calculations 
reveal that the correction beyond the 
usual harmonic approximation for 
nuclear motion amount up to 30 % 
of the symmetry reduced reaction 
free energy. Th e numerical results are 
compared with recent experiments of 
Doering and coworkers, conﬁrming 
the accuracy of the most recent 
measurement as well as concerns about 
compromised accuracy, due to side
reactions, of another measurement.
Une méthode rigoureuse et générale 
pour le calcul de l’eﬀ et isotopique
d’équilibre est décrite et appliquée 
à trois réactions de glissement 
d’hydrogène sigmatropique [1,5]. Un
estimateur efﬁcace pour la dérivée de
l’énergie libre est utilisé. Il diminue
le temps de calcul d’un facteur 
d'environ 60. Les calculs révèlent que la 
correction au-delà de l’approximation 
harmonique usuelle pour le mouvement 
des noyaux s’élève à 30% de l’énergie
libre de réaction réduite de la symétrie. 
Les résultats numériques sont comparés 
avec de récentes expériences faites par 
Doering et associés. Ils conﬁrment la 
précision des plus récentes mesures, 
ainsi que les inquiétudes concernant la 
précision de la mesure faite par ce même
groupe précédemment.
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urements, the ﬁnal equilibrium ratios of isotopomers were 
reported, which were, despite of the similarity of compounds 
used, qualitatively diﬀ ered. Th e authors of the measurements 
suspected that the hydrogen shift reaction in the ﬁrst meas-
urement was inﬂuenced by the dimerization side reactions.
EQUILIBRIUM ISOTOPE EFFECT
Th e EIE is deﬁned as the eﬀ ect of isotopic substitution 
on the equilibrium constant. Denoting an isotopolog1 with 
a lighter (heavier) isotope by a subscript l (h), the EIE is 
deﬁned as the ratio of equilibrium constants
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where Q (r) and Q (p) are molecular partition functions of 
the reactant and product, respectively. We study a speciﬁc 
case of the EIE - the equilibrium ratio of two isotopomers 2.
In this case, the EIE is equal to the equilibrium constant of 
the isotopomerization reaction,
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where superscripts r and p refer to the reactant and product 
isotopomers, respectively.
THERMODYNAMIC INTEGRATION
Th e direct computation of the ratio of partition functions 
in Eq. (2) is, in general, difﬁcult, for the value of the parti-
tion function is proportional to the huge number of energy 
levels accessible to the system at a given temperature. To 
make the computation feasible, a trick of the thermodynamic 
integration with respect to the mass of the isotopes is used. 
Th e method takes advantage of the relationship
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where F=–logQ/β is the (quantum) free energy and λ is 
a parameter which provides a smooth transition between 
isotopomers r and p.
In contrast to the partition function itself, the integrand 
dF(λ)/d λ is a thermodynamic average and therefore can be 
computed by either Monte Carlo or molecular dynamics 
simulations. We use the PIMD method, which combines the 
path integral expression for the partition function with mo-
lecular dynamics for sampling of the conﬁguration space.
PATH INTEGRAL METHOD
Since the electronic properties of hydrogen and deute-
rium are the same (to a high level of approximation), the main 
diﬀ erence between isotopomers is due to the motion of the 
nuclei, which move in the same potential but diﬀ er in their 
masses. To go beyond usual approximations and describe the 
quantum eﬀ ects on the nuclear motion rigorously, we use the 
path integral (PI) formulation of quantum mechanics [3]. 
In the path integral formalism, thermodynamic properties 
are computed exploiting the correspondence between ma-
trix elements of the Boltzmann operator and the quantum 
propagator in imaginary time.
 Th e PI representation expression for the partition func-
tion Q is
Q = C ∫ dr(0) …  ∫ dr(P-1) exp[– βΦ ( { r ( s )} ) ] , (4)
where
 (5)
and r ( s ) =  (r 1
( s ),  r 2
( s ),  … r N
(s)  )  is the set of Cartesian coor-
dinates associated with the sth imaginary time slice,
 (6)
is the eﬀ ective potential, N is the number of atoms, D the 
number of spatial dimensions, and P the number of imagi-
nary time slices in the discretized PI (P = 1 gives classical 
mechanics, P → ∞ gives quantum mechanics).
Th e P particles representing each nucleus in P diﬀ erent im-
aginary time slices are called beads. Each bead interacts with 
the two beads representing the same nucleus in adjacent time 
slices via the harmonic potential and with beads representing 
other nuclei in the same imaginary time slice via the potential 
of the molecule attenuated by the factor 1/P. See Figure 2 
showing the classical system corresponding to a quantum 
mechanical description of equilibrium of (3Z)-penta-1,3-
diene in the case of P = 4.
fig. 2 – The path integral representation of the quantum 
partition function of (3Z)-penta-1,3-diene for P=4 imaginary 
time slices represented by different colors. Harmonic interac-
tion between beads in adjacent time slices is represented by the 
springs. In addition to this harmonic interaction, beads of the 
same color interact by the potential of the molecule diminished 
by the factor 1/P. During the simulation, the whole system 
evolves according to the classical dynamics.
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1 Isotopologs are molecules which diﬀ er by the isotopic substitution of one or more atoms
2 Isotopomers are molecules which have the same total number of isotopes of its atoms but diﬀ er in their positions.
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Th e number of imaginary slices, which have to be used to 
obtain converged quantum result, depends on the system and 
the temperature. At higher temperature, a system generally 
behaves more classically, so a lower number P of imaginary 
time slices is needed. Since the EIE is a small quantity, we 
mainly used relatively high number of P = 40 imaginary time 
slices to obtain precise results.
THERMODYNAMIC AND GENERALIZED VIRIAL 
ESTIMATORS
To use the PI expression for the partition function 
together with the thermodynamic integration, we have to 
calculate the logarithmic derivative [recall Eq. 3] of the 
partition function Q with respect to the mass. By straight-
forward diﬀ erentiation of Eq. (4) , we obtain the so-called 
thermodynamic estimator (TE),
(7)
Th e problem of the TE is that its statistical error grows with 
the number P of time slices of the PI, therefore much longer 
simulation is needed, if one wants to calculate precise result 
close to the quantum limit.
Fortunately, the growth of the statistical error can be re-
moved if the centroid coordinate of the beads representing the 
same atom is subtracted, and the coordinates are mass-scaled, 
prior to performing the derivative [4]. Th e error of the result-
ing generalized virial estimator (GVE) stays approximately 
independent of the number of imaginary time slices
 (8)
Th e dependence of the statistical error of both estima-
tors on the number of imaginary time slices in the PI is 
shown in Figure 3. In the systems studied in this work, the 
GVE shortened the computations by a factor of about 60 
compared to the TE.
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fig. 3 – Root mean square errors (RMSEs) of the generalized 
virial estimator (GVE) and the thermodynamic estimator (TE) 
as a function of the number P of imaginary time slices in the 
path integral.
COMBINATION OF PIMD WITH SINGLE 
POINT AB INITIO METHODS
Unfortunately, nowadays the PIMD method cannot be 
used directly in conjunction with highly precise ab initio 
methods for calculation of the potential energy surface, due 
to a high number of energy evaluations needed. Semiem-
pirical methods, which can be used instead, generally do 
not achieve comparable accuracy. We therefore made the 
following two assumptions:
First, we assume that the main contribution to the EIE 
can be calculated by a single point ab initio calculation in 
the framework of the harmonic approximation (HA). In the 
HA, the multidimensional potential surface on which nuclei 
move is approximated by a parabolic potential centered at 
the local minimum, so the vibrational motion of nuclei is 
described by the system of coupled harmonic oscillators for 
which the expression for the EIE [Eq. (2)] can be obtained 
analytically.
Second, we assume that carefully selected semiempirical 
methods are accurate enough to reliably estimate the error 
due to the anharmonicity of the real potential.
 With these two assumptions, we can take advantage of 
both PIMD and higher level methods by adding the semiem-
pirical anharmonicity correction to the HA result calculated 
by a more accurate method.
COMPUTATIONAL DETAILS
All computations were done on the cluster of the LCPT 
group, which consists of 32 nodes each with two Quad-Core 
AMD Opteron 2352 processors.
Th e PIMD calculations were performed using Amber 10 
[5]. Th e part of the Amber 10 code, which computes the 
derivative with respect to the mass was implemented by one 
of us and can be invoked by setting the ITIMASS variable 
in the input ﬁle. PIMD simulations are well parallelized; 
the dynamics of each imaginary time slice runs on a single 
core. Still, the computation of one value of the logarithmic 
derivative of the partition function [see Eq. (3)] needed to 
compute the equilibrium ratio of two isotopomers of the 
largest molecule studied (2,4,6,7,9-pentamethyl-5-methyl-
ene-11,11a-dihydro-12H-naphthacene) with the number of 
imaginary time slices P = 40 took approximately 9 days. Five 
values of the derivative were usually sufﬁcient to calculate 
the integral in Eq. (3).
Ab initio single point calculations were done using 
Gaussian 03 revision E01 [6]. Due to the limitations of the 
Gaussian 03 parallelization, all ab initio computations were 
parallelized only on a single node using SMP. Nevertheless, 
ﬁnding local minima and harmonic frequencies for the 
largest studied molecule lasted only ﬁve days instead of one 
month.
RESULTS
Th e reaction free energies and equilibrium ratios for two 
isotopologs of the deuterated (3Z)-penta-1,3-diene and two 
related compounds were computed. Here, we shortly sum-
marize main results for the latter two compounds. More 
details and results for (3Z)-penta-1,3-diene can be found 
in Ref. [6].
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fig. 4 – Global minimum of 2-methyl-10-methylenebicy-
clo[4.4.0]dec-1-ene
2-METHYL-10-
METHYLENEBICYCLO[4.4.0]DEC-1-ENE
Th eoretical and experimental [7] ratios for 2-methyl-10-
methylenebicyclo[4.4.0]dec-1-ene (Figure 4) diﬀ er substan-
tially, which suggests that side-reactions suspected by Doering 
and Zhao had indeed occurred and compromised the accu-
racy of the measurement of the kinetic isotope eﬀ ect.
2,4,6,7,9-PENTAMETHYL-5-METHYLENE-
11,11A-DIHYDRO-12H-NAPHTHACENE
fig. 5 – Global minimum of 2,4,6,7,9-pentamethyl-5-methyle-
ne-11,11a-dihydro-12H-naphthacene
Th eoretical and experimental ratios of products of the 
[1,5] sigmatropic hydrogen shift in di-deuterated compound 
(see Figure 5) agree very well as can be seen in Table 1. Th is 
agreement supports the accuracy of the latter measurement of 
the kinetic isotope eﬀ ect (KIE) made on this compound.
5,5-d2 6,6-d2 5,6-d2
computed 0.096 0.310 0.594
experimental (Ref. [1]) 0.098 0.308 0.594
Table 1 – Equilibrium ratios of the products of the [1,5] hy-
drogen shift reaction in 2,4,6,7,9-pentamethyl-5-methylene-
11,11a-dihydro-12H-naphthacene at 441.05 K. Numbers 
x,x-d2 denote the deuterium bonding sites.
CONCLUSIONS
To conclude, combination of PIMD with higher level 
methods in the HA proved to be a viable method for accurate 
calculations of EIEs. Th e GVE for the derivative of the free 
energy with respect to the mass allowed us to obtain accu-
rate results at lower temperatures in reasonable time (about 
60 times faster than with the TE).
Calculations showed that the eﬀ ects beyond usual har-
monic approximation are important in the computation of 
the EIE, since they account for up to 30 % of the ﬁnal value 
of the reduced free energy of the reactions considered here.
Th e agreement of theoretically calculated ratios with the 
data measured in Ref. [2] suggests that the isolation of the 
[1,5] hydrogen shift reaction from disturbing inﬂuences was 
successfully achieved and the observed EIE and KIE can be 
considered reliable.
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